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Abstract
In this paper we consider a duopoly model of multidimensional vertical

product differentiation where product features are discrete and consumers’
tastes are described by a joint density function that belongs to the class of
Elliptically Contoured Distributions. We prove that in any equilibrium one
firm always includes all characteristics in the product. Moreover, when types
have perfect positive correlation the unique equilibrium involves maximum
differentiation. More importantly, the main result states that the other firm’s
equilibrium level of differentiation is determined by the correlation among
types. JEL Classification: D43, C72, L13.

1 Introduction
Most products are bundles of characteristics. For example, a car can be charac-
terized by its reliability, its color, the inclusion of gps navigation or entertainment
systems and so on, while a digital camera may be characterized by the number of
megapixels, zoom capabilities, image stabilization, etc.

In order to soften price competition, firms must try to differentiate their prod-
ucts from those offered by competing firms. In doing so, firms face a dilemma: on
one hand they want to add value to their goods by incorporating many character-
istics into them. On the other, a given good must include different characteristics
from those that are included in a rival’s good, in order to soften price competition.

What is the equilibrium product design when firms compete? What character-
istics should be included? Does the answer depend on the distribution of tastes in
the population?
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The message from the product differentiation literature, starting with Hote-
lling’s (1929) seminal paper, is that firms will choose minimal levels of differen-
tiation. In order to make the models tractable most papers restrict types to be of
a particular class. It is interesting to ask how equilibrium product designs change
with changes in the distribution of types. To answer the previous questions we
analyze a two-stage duopoly model of vertical differentiation where each prod-
uct is a collection of N different characteristics. In many situations firms cannot
choose degrees of differentiation due to the nature of the features to be included.
Extending the initial example, a digital camera may include image stabilization,
recording capabilities, sensor dust reduction and so on. However, it is not possi-
ble to choose intermediate levels of any of those characteristics: they are either
included or not. To model this situation we consider a discrete characteristics
space.

In the first stage firms simultaneously choose what features to include in the
product. In the second stage, after observing the product choices, they compete
in prices. We assume that there is a base product and firms must decide what
features add to this standard product. Consumers are heterogeneous in their valu-
ations of each characteristic, which is private information, but the firms know how
the valuations are distributed in the characteristics space. We restrict types to be
Elliptically Contoured Distributed.

The solution concept we use is Subgame Perfect Nash Equilibrium (SPNE).
We proceed backward, first analyzing the second stage pricing equilibrium, for
any given choice of products, and then the first stage product choice. However,
given the generality of our setup, we cannot find closed form expressions for equi-
librium prices, nor for equilibrium profits. Nevertheless, we use monotone com-
parative statics methods to derive some properties of equilibrium profit functions.
Thus, the objective of the paper is, unlike most papers in the product differen-
tiation literature, to determine the relationship between the equilibrium level of
differentiation and the degree to which consumer values are correlated.

We obtain the following results:

• One firm, in any equilibrium and for any covariance matrix, always includes
all characteristics in a given product. Let us call it firm A.

• When values have perfect positive correlation then it is optimal for firm B
to differentiate maximally, that is, not to include any characteristic in its
product.

• Our main theorem states that there is always a cut-off value, such that, the
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correlation between characteristics i and j is above the cut-off if and only if
in equilibrium firm B does not include those characteristics in the product.
It is below the cut-off if and only if in equilibrium at least one of those
characteristics is included.

In order to compute the equilibria in some particular cases we need to resort
to numerical methods, as is done as an example later in the paper. Surprisingly,
in that example we show that in the two-dimensional case with truncated nor-
mally distributed valuations, a small positive correlation between tastes leads to a
maximum differentiation equilibrium.

Our results contrast with those of Irmen and Thisse (1998). These authors
consider a two-stage N dimensional model of horizontal differentiation. When
valuations are distributed uniformly and independently, they find that in any equi-
librium firms almost minimally differentiate. That is, firms choose the same loca-
tions in all dimensions except one, where they locate on opposite ends. There is
maximum differentiation in one dimension and no differentiation in the remain-
ing ones. We find that in our setting and under certain conditions, a bigger set of
outcomes is possible with respect to the equilibrium level of differentiation.

2 Related Literature
In the product differentiation literature the lancasterian paradigm of product space
is usually considered. There are two classes of characteristic spaces: the horizon-
tal one, in which consumers have an ideal specification of a given feature and this
ideal is not common to all, and the vertical one, in which all consumers prefer
more characteristics to fewer. The color of a product is considered a horizontal
feature since consumers have different ideal choices for it. Product quality is a
vertical feature, as all consumers prefer more quality to less.

Hotelling (1929) considered a situation in which two firms have to choose
where to locate along a street. He showed that firms will choose not to differen-
tiate horizontally (that is, they both locate in the middle of the street) when they
do not compete in prices. The result is referred as the Principle of Minimum Dif-
ferentiation. In the case of Hotelling’s model, the dilemma mentioned above does
not exist since there is no price competition. Fifty years later, d’Aspremont et
al (1979) considered a two-stage model in which firms first choose locations and
then compete in prices. The authors proved that when firms compete in prices,
and when transportation costs are quadratic, the Principle of Minimum Differenti-
ation no longer holds. In theses circumstances firms will choose the opposite ends
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of the characteristic spectrum. Gabszewicz and Thisse (1979) and Shaked and
Sutton (1982) considered a model where firms compete in a vertical dimension.
They showed that firms will also differentiate completely in this dimension.

Later papers consider the more difficult and less studied multidimensional
case. As Jean Tirole (1988) remarks “Actual differentiation is multidimensional.
An interesting and largely unexplored issue is that of demand complementarity
and substitutability of various product characteristics and of the optimal strategic
mix of these characteristics”.

Neven and Thisse (1990) considered the case of two dimensions, one vertical
and one horizontal. They found that in equilibrium firms will differentiate along
one dimension and not differentiate along the other dimension. Vandenbosh and
Weinberg (1995) consider a model with two vertical dimensions and find equilib-
ria similar to Neven and Thisse: differentiation in one dimension and homogeneity
in the other. The most general paper is Irmen and Thisse (1998). These authors
generalize Hotelling’s horizontal differentiation model to N dimensions. They
find that any equilibrium involves minimum differentiation in all dimensions but
one; thus they claim, that Hotelling was “almost” right.

The majority of these classes of models of product differentiation that have
been explored to date assume that types are uniformly distributed, and, in the
case of multiple dimensions, they are also independent. Given the results already
mentioned, one can observe certain general patterns. With one dimension, firms
differentiate. With two dimensions, firms differentiate in one dimension and not
in the other. And, as shown by Irmen and Thisse (1998), in a N-dimensional
horizontal model any equilibria involves differentiation in one dimension and not
in the remaining one(s). In terms of the demand versus distance trade-off, it seems
as if just one dimension is enough to generate sufficient “distance” between firms.
Other dimensions are free to increase demand or value for the consumer.

Our paper is closely related to the work of Gabszewicz and Thisse (1979) and
Shaked and Sutton (1982), who consider one vertical dimension, and Vandenbosh
and Weinberg (1995), who analyze a model of two vertical dimensions. We gen-
eralize those models by considering N dimensions, a more general class of dis-
tribution functions and correlation between valuations. One difference between
our approach and that of the previous authors is that the existing papers model
characteristics as continuous variables, while in our model variables are discrete.
Therefore we have to be cautious when comparing results. The Vandenbosh and
Weinberg (1995) model of two dimensions with uniform and independent valua-
tions can be considered the benchmark case in our area of research. In equilibrium
one firm chooses the highest value for both characteristics while the other firm se-
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lects the highest value in one dimension, and the lowest in the other dimension,
that is, there is no differentiation in one dimension and maximum in the other.

Our analysis shows that the pattern of minimum differentiation emerging in
the literature is a consequence of the modeling choice used to make the problem
tractable. We show that a richer set of outcomes is possible with respect to product
design.

3 An Overview of the Model
We consider the following two-stage game of product differentiation. In the first
stage, two firms choose simultaneously the characteristics to include in the prod-
uct. In the second stage, after observing product designs, they compete simulta-
neously in prices. The attributes that firm l includes in a given good are specified
by an N dimensional vector λl with l ∈ {A,B}. Since we model attributes to be
discrete, component i of the product is given by λ i ∈ {0,1} depending on whether
that characteristic is included or not. The inclusion of characteristics increases
value for the consumer. Thus, this is a model of vertical differentiation.

The demand side is given by a continuum of consumers with measure 1. Each
consumer wants just one good and must decide from which firm to buy or not
to buy at all. The utility of a consumer not buying is zero. The net utility of a
consumer of type x is

y+ x ·λl − pl

if he or she buys from firm l, where the N-dimensional value x ∈ X = [a,a+1]N

with a > 0 is distributed according to the density f (x), pl is firm l’s price and
y > 0 is the value that each consumer assigns to the base product. It is assumed
that y is sufficiently large to guarantee that all consumers buy from either firm.1

Consumer x buys from firm A if

y+ x ·λA − pA ≥ y+ x ·λB − pB =⇒ x · (λA −λB)≥ pA − pB

and from firm B if

y+ x ·λA − pA < y+ x ·λB − pB =⇒ x · (λA −λB)< pA − pB

1The proof of this is given in the appendix. The intuition is that for y and prices sufficiently
large, a reduction in one firm’s price has a large marginal payoff, thus creating incentives to reduce
it.
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Therefore, the demand that firm A and B face is given respectively by

DA(pA − pB,λA −λB, f ) =
∫
{x∈X :x·(λA−λB)≥pA−pB}

f (x)dx

DB(pA − pB,λA −λB, f ) =
∫
{x∈X :x·(λA−λB)<pA−pB}

f (x)dx

with DA(·)+DB(·) = 1 since all consumers buy.
In the first stage, firms choose simultaneously λA and λB. Firms observe the

outcome (λA,λB) of the first stage and thus in the second stage the problem for
firm l ∈ {A,B} is to choose the price of the product in order to maximize profits.
Since we initially assume that marginal costs are zero profits are given by

Πl(pA − pB,λA −λB, f ) = max
pl

plDl(pA − pB,λA −λB, f )

There is a methodological reason for which the assumption of zero marginal
costs is made. In terms of the trade-off between adding value and increasing
distance we mentioned in the introduction, if marginal costs are not zero, the ad-
dition of value is reduced for those components included while the distance from
the other product is unchanged. If this is the case, it seems that a priori, by care-
fully choosing the appropriate cost level for each component, we could obtain any
product design in equilibrium. It is interesting to investigate whether diverse de-
grees of product differentiation can be obtained in equilibrium depending on how
consumer valuations are distributed. Moreover, the choice of zero marginal cost
can also be justified as a normalization. Consumers’ valuations on [a,a+1] with
a > 0 can be thought of as net of marginal costs, therefore if there is a feature with
cost c then a = â−c would be the true bound on consumers’ valuations. Although
we initially abstain from cost considerations and focus solely on demand consid-
erations, in the working paper version the robustness of some results involving the
inclusion of costs and welfare implications are analyzed.

We are interested in studying the properties of the Subgame Perfect Nash Equi-
librium (SPNE) of this general model. The methodology used to solve this type
of problem requires working backward. In this particular case, solve the second
stage game in order to find equilibrium prices in terms of parameters and product
designs (λA,λB). Then insert these equilibrium prices in the first stage problem
and optimize in terms of product choice. However, given the generality and com-
plexity of our setup, we cannot find closed-form solutions of equilibrium prices in
the second stage. In order to solve for an equilibrium given a particular distribu-
tion function, we need to use numerical methods. Not being able to find explicit
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equilibria of the game does not pose a problem. The idea of our approach is to use
the structure of the game to determine, using monotone comparative statics re-
sults, how changes in the distribution of types influence equilibrium prices given
first-stage product choices, and consequently how they affect equilibrium profit
functions for firms. In particular, we want to analyze the effect of changes in the
correlation of values on the degree of product differentiation.

4 Distributional Assumptions
Existing multidimensional models of product differentiation assume that types are
independent and drawn from a uniform distribution. However, we do not know
how people value different components, and it is very unlikely that valuations
among components are independent. We want to leave open the possibility of
any dependence between product characteristics. In the case of a car, people who
place a high value on “gps navigation” might also do so for “entertainment sys-
tems”. In this case the value of these two attributes could be modeled as positively
correlated. “Fuel efficiency”, on the other hand, is an attribute whose valuation by
consumers might be independent of the other two. The main difference between
our model and the traditional analysis of product differentiation lies in that a priori
we do not commit to any dependence structure.

Since we want to analyze the effect of changes in the correlation between
component valuations on equilibrium product designs, we make some assump-
tions regarding the distribution of types. For this purpose we will restrict attention
to a class of distribution functions that are well-behaved with respect to changes
in correlations, called Elliptically Contoured Distributions. The contours of these
densities are ellipses, whose shape is determined by one of the parameters of the
distribution, in this case the covariance matrix. Moreover, this family of distribu-
tions has other nice properties that will be mentioned in more detail below, such
as marginals having the same functional form as the original density, truncations
preserving the properties of the original distribution, continuity with respect to
correlations, etc. As far as we know, no other paper in the product differentiation
literature has used this class of distributions.

Definition 1. A random vector x is elliptically distributed with parameters (µ,Σ)
if the density2 takes the form

f (x; µ,Σ) = kN |Σ|−1/2 g
[
(x−µ)′Σ−1(x−µ)

]
2Here we are assuming that the density exists.
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where g : R+ → R+ is independent of N and kN is a constant of proportionality.

The following are the assumptions we will make on the distribution of values:

Assumption 1. The function g is differentiable and log-concave.

Assumption 1 guarantees that the density f (x; µ,Σ) and thus the demand func-
tions are differentiable with respect to prices. Log-concavity of g implies that the
density is log-concave (See Hu and Li 2007). This fact allows us to use an aggre-
gation theorem due to Prékopa (1973)3:

Theorem 1 (Prékopa). Let f be a log-concave function on Rn with convex support.
For any measurable sets A0 and A1 in the support of f and γ ∈ [0,1], define the
Minkowski average4 Aγ = γA0 +(1− γ)A1. Then the function

F(γ) =
∫

Aγ
f (x)dx

is log-concave.

The utility of applying the Prékopa’s theorem to models of product differen-
tiation was first noticed by Caplin and Nalebuff (1991). The sets A0 and A1 in
Prékopa’s Theorem are, in our model, the sets of consumers who buy from firm
l when its prices are pl and p′l holding the rival’s price constant.5 The set Aγ is
the set of consumers who buy at the convex combination of prices. The theorem
states that the logarithm of the mass of consumers (demand) who buy at the con-
vex combination of prices is larger than the convex combination of the logarithms
of demands, which is the definition of log-concavity of the demand function for
each firm in own price.

Log-concavity of the demand functions in a firm’s own price implies that

• The profit function is quasi-concave, which guarantees existence.

• In duopoly, the equilibrium of the pricing game is unique.

3Actually, the theorem applies to a more general class of concave functions (called ρ-concave).
However, for our purposes we only need log-concavity.

4The Minkowski average Aγ = γA0+(1−γ)A1 is defined as {γx0+(1−γ)x1 : x0 ∈A0,x1 ∈A1}.
5For example, if we consider the change in prices by firm A, the set A0 = {x∈X : x ·(λA−λB)≥

pA − pB} and A1 = {x ∈ X : x · (λA −λB)≥ p′A − pB}
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• The pricing game is log-supermodular.6

Some families of distributions satisfying Assumption 1 are the Multivariate
Normal, Multivariate Pearson Type II, Kotz Type Multivariate and Multivariate
Logistic. See Hu and Li (2007).

Now we state some results concerning Elliptically Contoured Distributions
that will be useful later. For more properties of this class of distributions see
Johnson (1987).

We assume that the second order moment of x exists. Then the correlation
between two components xi and x j is ρi j =

zi j√ziiz j j
, where zi j is the (i, j)th element

of the positive definite matrix Σ. The matrix Σ is proportional but not necessarily
equal to the covariance matrix of x.

All marginal distributions of Elliptically Contoured Distributions are Ellipti-
cally Contoured Distributed and have the same functional form. Explicitly, if we

partition x as
[

x1
x2

]
, µ =

[
µ1
µ2

]
and Σ =

[
Σ11 Σ12
Σ21 Σ22

]
, then the density of x1

is proportional to
g
[
(x1 −µ1)

′Σ−1
11 (x1 −µ1)

]
.

We are interested in the linear relationship between valuations. We use the
correlation coefficient ρi j =

zi j
z as our parameter of interest. With the assumption

of log-concavity of g we have that the density f (x; µ,Σ) is a continuous function
of every ρi j ∀i 6= j .

Assumption 2. The mean µ1 = ...= µN = µ = a+(a+1)
2 and the diagonal elements

of Σ are z11 = z22 = ...= zNN = z.

Assumption 2 implies that when two components xi and x j have perfect pos-
itive correlation then the relationship between the two is given by xi = x j. If on
the other hand they have perfect negative correlation the relationship is given by
xi = 2N + 1 − x j. This makes possible the analysis of Subgame Perfect Nash
Equilibria in the cases when the correlation between pairs of components takes
extreme values. From now on we will not include the parameter µ and the den-
sity f in the demand function in order to simplify notation, since both will remain
fixed throughout our analysis.

6In the setting of this model, a game is supermodular if the marginal payoff for each firm of
increasing its price is increasing in the other firm’s price. A game is log-supermodular if the log
of the payoff satisfies this property.
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Let, with some abuse of notation, λi j = (α,β )∈ {0,1}N be the vector of prod-
uct designs when components i and j take the value α and β respectively, that is

λi j = (α,β ) = (λ1, . . . ,λi = α,λ j = β , . . . ,λN)

Let ρi j = δ be the vector of correlations when component i j takes the value δ .
That is,

ρi j = δ = (ρ12,ρ13, . . . ,ρi j = δ , . . . ,ρN,N−1)

Notice that λi j = (α,β ) and ρi j = δ are full vectors when certain components
take particular values.

The next assumption requires that values for components are large enough.

Assumption 3. The number of dimensions and support of the distribution satisfy
N ≤ a.

This assumption states that characteristics are highly valued by consumers.
This assumption is not at all restrictive since the support of the distribution can
be shifted to [a+ b,a+ b− 1]N and the equilibrium product designs will not be
affected by this transformation. This assumption is used in the model to flesh out
the intervals of equilibrium profits for any product design, thus it is only required
to prove Proposition 1 below.

5 Main Results
In this section we present the preliminary and main results of the paper. Our goal
is to analyze the effects of changes in the correlation of values on the equilibrium
level of product differentiation. We will also provide some numerical examples
illustrating our theoretical results.

5.1 Pricing and Product Choice Games
The Subgame Perfect Nash Equilibria of this game is found using Backwards
Induction. We start our analysis in the second stage. For given pk, λA −λB, the
problem in stage 2 for firm l 6= k is to choose a price in order to maximize profits.
The optimal p∗l in the second stage satisfies, as long as both products are not
identical,

p∗l =
Dl(p∗l , pk,λA −λB,Σ)

−∂Dl
∂ pl

(p∗l , pk,λA −λB,Σ)
(1)
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and profits at the optimal price

Πl(p∗l , pk,λA −λB,Σ) =
(
Dl(p∗l , pk,λA −λB,Σ)

)2

−∂Dl
∂ pl

(p∗l , pk,λA −λB,Σ)
(2)

Given λA−λB the unique equilibrium prices are determined by the solution of
the nonlinear system of two equations and two unknowns determined by equation
1, one equation for each firm. Demand depends on the difference in prices: this
simplifies the analysis since in equilibrium the difference in prices is given by

p∗A − p∗B =
2DA(p∗A − p∗B,λA −λB,Σ)−1

−∂DA
∂ pA

(p∗A − p∗B,λA −λB,Σ)
(3)

because DA(·)+DB(·) = 1 and ∂ DA
∂ pA

(pA− pB,λA−λB,Σ) = ∂DB
∂ pB

(pA− pB,λA−
λB,Σ).

In the first stage, the problem for each firm is to choose λl to maximize profits,
taking into account that for any product design choice prices p∗A(λA − λB) and
p∗B(λA −λB) in the next stage will be given by equation 1.

5.2 Existence of a Full-Featured Product
In this subsection we show that one of the firms always chooses to include all
components in its product. Casual observation of real world designs shows us that
firms do not always include all potential features in a product, the reason is that
the marginal benefit of including some characteristic is smaller than its cost. In
our model we do not include costs of adding features in order to isolate the effect
of demand on product design, however, by adding a sufficiently large feature cost,
as done in the working paper version, we can easily see that this feature should
not be included by either firm, which is equivalent of reducing the dimensionality
of the problem by one.

First we need a lemma linking the difference in equilibrium profits to the dif-
ference in equilibrium prices. All omitted proofs are given in the appendix.

Lemma 1. For any λA 6= λB the equilibrium prices and profits satisfy Π∗
A −Π∗

B =
p∗A − p∗B.

Let Zl be the number of components included in product l and not included in
product m. For example, if λA = (1,1,1,0,0) and λB = (0,0,1,1,0) then ZA = 2
and ZB = 1.
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Proposition 1. In equilibrium one of the firms includes all components into the
product. That is, there exists l ∈ {A,B} such that λl = 1 in any equilibrium.

This result is very important since it helps us simplify the problem. From now
on we will assume that firm A chooses the full-featured product, that is, in any
equilibria λA = 1 and λB = λ . The intuition for this result comes from the fol-
lowing: When firm B adds one characteristic in its product, it increases its own
profit and decreases the profit of firm A. Given the linearity of consumer prefer-
ences with respect to characteristics, firm A can simply eliminate any unfavorable
dimension from the problem by including the same characteristic in its product.
Since this is true for all dimensions then it is optimal for firm A to include all
characteristics. Proposition 1 allows us to focus on the decision of firm B. Notice
that for a given equilibrium with outcomes λA = 1 and λB = λ , there is always
another equilibrium in which the labels of the firms are reversed.

In order to prove the main result we have to analyze how the profit of firm B
varies as the correlation changes. Given any choice of λ by firm B in the first
stage, the profit of firm B is given by

ΠB(p∗A(1−λ ), p∗B(1−λ ),1−λ ,Σ) (4)

where p∗A and p∗B are the second-stage equilibrium prices. Given the result ob-
tained in Proposition 1, the λ that maximizes (4) is firm’s B product design out-
come of a SPNE of the game.7

The relationship we focus on is between the vectors λ and ρ . We want to
study how correlation values affect profits and thus influence the choice of product
design by firm B. To make this relationship clearer and simplify the notation,
let ΠB(λ ,ρ) be the profit of firm B as a function of its product design and the
correlation, when in the second stage both firms choose Nash Equilibrium prices.
Notice that as any parameter changes, equilibrium prices will change as well.

The following are a series of results that will be useful in proving the main
theorem of the paper. Results will be derived when the correlation between values
is perfect, either positive or negative. The parameter Σ in the density has to be
positive definite. Therefore, a valid Σ cannot show perfect correlation between
variables.8 However, the results show the behavior of the profit function in the
limiting case. Since the demand is a continuous function of the correlations, as

7As we will see later, there exists the possibility of having multiple SPNE.
8Perfect positive or negative correlation implies that Σ has some entry equal to z or −z respec-

tively, which violates positive definiteness.
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we will prove later, and bounded by 1, then there is no risk involved in doing it.
Moreover, it is worth noting that we can only derive the following inequalities in
extremes cases.

5.3 Maximum Differentiation with Perfect Positive Correlation
Let 0 = (0, . . . ,0) and JI be a vector with I < N components equal to 1 and the
remaining N − I components equal to zero.

Proposition 2. When all components have perfect positive correlation, the profit
function for firm B decreases with the number of features included in the product.
Formally,

ΠB(λ = 0,ρ = 1)> ΠB(λ = J1,ρ = 1)> · · ·> ΠB(λ = JN−1,ρ = 1)

If all valuations have positive perfect correlation the unique SPNE of the game
involves firm B choosing the product design λ = (0, . . . ,0). By Proposition 1 we
know that firm A includes all characteristics in the product, for perfect positive
correlation, firm B can greatly reduce the elasticity of demand for its product by
choosing a basic product. That softens price competition and allows it to obtain
higher profits than with a more sophisticated product. In this case the trade-off
between ”Distance vs. Value” moves in favor of distance. We will see later that
for negative correlation the trade-off is the opposite. The problem becomes one-
dimensional and we obtain the same result as Gabszewicz and Thisse J.F. (1979)
and Shaked A. and J. Sutton (1982) but with the firms restricted to choose between
N equally spaced discrete levels of quality. In those papers the authors assumed
that values (incomes in their models) were uniformly distributed in an interval.
Notice that the only property that we used in the proof was the differentiability of
the distribution: there was no need to use any property of Elliptically Contoured
Distributions.

5.4 Some Useful Lemmata
In this subsection we state and prove three results that show the relationship with
firm B’s profit function and the degree of correlation between components.

Lemma 2. When two components i and j have negative perfect correlation, firm
B’s profit ΠB(λi j =(0,0),ρi j =−1)<ΠB(λi j =(1,1),ρi j =−1) whenever N > 2.
If N = 2 then ΠB(λi j = (0,0),ρi j =−1)< ΠB(λi j = (1,0),ρi j =−1)
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Figure 1: Changes in demand for different correlations

In the case N = 2 if firm B chooses λ = (1,1) then we are in the traditional
Bertrand model and both firms have zero profits in equilibrium. In this case, if
firm B does not include either i or j the elasticity of demand for its product is
large and therefore price competition is tough, and firm A can easily impose its
dominance and extract consumer surplus. Therefore it is optimal for firm B to
include at least one characteristic in order to soften price competition.

Lemma 3. The profit function ΠB(λi j,ρ) evaluated at the products λi j = (1,0),
λi j = (0,1) and λi j = (1,1) does not depend on ρi j ∀i 6= j.

The lemma states that given that one feature is selected, profits do not depend
on the correlation between the pair of characteristics.

Finally, the last assumption provides a relationship between the change in elas-
ticity of demand and product design when one of the firms includes both charac-
teristics and the other does not.

Assumption 4. The elasticity of demand for both firms is a strictly increasing
function of the correlation between features i and j when those characteristics are
not included by firm B. That is, the demand function of each firm satisfies, for all
pl, pk,ρi j

∂ 2 logDl(pl, pk,(λA −λB)i j = (1,1),Σ)
∂ pl∂ρi j

> 0.

The intuition for this assumption is straighforward and shown in figure 1. They
show an example of the previous remark in two dimensions. The area between the
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two price lines pA − pB and pA − p′B, for p′B > pB, intersecting the density shows
the mass of consumers firm B loses when increasing its price.

This assumption implies that, when components i and j are included in one of
the products but not in the other, the marginal payoff for each firm of increasing
its price increases with ρi j. Since the pricing game is log-supermodular, we can
apply monotone comparative statics results to determine the effect of changes in
correlations on equilibrium prices and profits.

Lemma 4. The profit function ΠB(λi j = (0,0),ρ) is a continuous and strictly
increasing function of ρi j i 6= j.

Notice that Milgrom and Roberts conclude that strategies increase with respect
to the parameter. However, by having a unique price equilibrium we can show that
equilibrium prices strictly increase with the correlation. Since demands are log-
concave the profit functions are strictly quasiconcave and thus best responses are
unique. See Caplin and Nalebuff (1991). Let p∗l (pm,ρi j) be the optimal price for
firm l given pm of the other firm.

The original and log-transformed game are equivalent and by Assumption 4

∂ 2 logΠl

∂ pl∂ρi j
=

∂ 2 logDl

∂ pl∂ρi j
> 0

At the optimum ∂
∂ pl

logΠl(p∗l , pm,λi j = (0,0),ρi j) = 0 which implies that
∂

∂ pl
logΠl(p∗l , pm,λi j = (0,0),ρ ′

i j) > 0 for ρ ′
i j > ρi j. Therefore it is optimal for

firm l to increase its price. Best response functions are thus strictly increasing in
ρi j and since the equilibrium is unique, equilibrium prices (p∗A, p∗B) are strictly in-
creasing. Moreover, since both demands are strictly increasing in the other firm’s
price, then profits are also strictly increasing. The intuition for the result is that
the more positively correlated valuations are, the less elastic demand is; therefore
price competition gets softer and profits increase.

5.5 Correlation and Product Design
In this subsection we state and prove one of the two main theorems of the paper.
The first is an existence theorem that says, roughly, that we can always find a
value for the correlation (a threshold) that separates high from low correlations,
such that components i and j are not included in a product if and only if the
correlation between those components is high (above the threshold). Moreover, at
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least one component (either i or j or both) is included if and only if the correlation
between those components is low (below the threshold).

The proof is built from the lemmas above. The idea when N = 2 is straight-
forward. When the correlation between values is 1 then by choosing λ = (0,0)
firm B maximizes profits. As the correlation decreases the profit of such a choice
decreases and goes arbitrarily close to zero as ρ gets closer to −1. On the other
hand, by choosing λ = (0,1) or λ = (1,0) firm B gets a positive profit9 which is
independent of the correlation. Thus there has to exist a unique threshold ρ̂ such
that if the correlation is above the threshold then not including any component is
optimal and if it is below including no component is optimal.

Things are more complicated when we have more than two dimensions be-
cause, since the matrix Σ has to be positive semi-definite, the admissible values of
the correlation between i and j might depend on the correlations between remain-
ing components.

Theorem 2. For some vector of correlations ρ̂−(i j), there exists a unique threshold
correlation ρ̂i j ∈ (−1,1) ∀i 6= j such that

1. The correlation between components i and j is above the threshold if and
only if firm B does not include components i and j in equilibrium. Formally,
ρi j > ρ̂i j ⇐⇒ λi j = (0,0) in equilibrium.

2. The correlation between components i and j is below the threshold if and
only if firm B includes at least one of i or j in equilibrium. Formally, ρi j <

ρ̂i j ⇐⇒ one of the following


λi j = (1,1)
λi j = (1,0)
λi j = (0,1)

(∗) in equilibrium.

3. The correlation between components i and j is equal to the threshold if and
only if firm B including at least one of i or j and not including those two
components are both equilibria of the game. Formally, ρi j = ρ̂i j ⇐⇒ λi j =
(0,0) and one of (∗) in equilibrium.

Proof. (Step 1) When ρ = 1, by Lemma 2 we have ΠB(λi j = (0,0),ρ = 1) >
ΠB(λi j = (1,0),ρ = 1)> ΠB(λi j = (1,1),ρ = 1).10

9Actually, profits in this case are half as large as when λ = (0,0) and ρ = 1.
10For simplicity we do not include ΠB(λi j = (0,1),ρ) in th analysis since this case is similar to

ΠB(λi j = (1,0),ρ).
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In order to find the cut-off value ρ̂i j we need to reduce ρi j until

ΠB(λi j = (0,0), ρ̂) = max
λi j∈{(0,1),(1,0),(1,1)}

ΠB(λi j, ρ̂) (5)

In order to reduce ρi j from the initial vector ρ = 1, some other correlation
coefficients ρkl must be reduced too.

(Step 2 - Strict Monotonicity of Π(λi j = (0,0),ρ) with respect to the vector
ρ)

By Lemma 4, ΠB(λi j = (0,0),ρ) strictly decreases as ρi j gets smaller, but the
effect of reducing any other ρkl on ΠB(λi j = (0,0),ρ) depends on λkl . There are
four possibilities: λkl = (0,0), λkl = (1,0), λkl = (0,1), λkl = (1,1). As ρkl gets
smaller profits strictly decrease in the first case and remain unchanged in the other
three by Lemma 3. We can conclude unambiguously that for ρ ′ ≤ ρ (but ρ ′ 6= ρ)
we have ΠB(λi j = (0,0),ρ ′)< ΠB(λi j = (0,0),ρ).

(Step 3 - Perfect Negative Correlation) If we keep reducing ρi j until we reach
perfect negative correlation we have, by Lemma 2, ΠB(λi j = (0,0),ρi j = −1) <
ΠB(λi j = (1,1),ρi j =−1).11

(Step 4 - Continuity and IVT) Since the profit function is a continuous function
of the correlations, by the Intermediate Value Theorem there has to be a unique
ρ̂i j such that equation (5) is satisfied.

This holds for any vector of remaining (without components i and j) charac-
teristics; thus it has to hold for the equilibrium one.

The theorem does not state that for any fixed vector ρ−(i j), we can find the
corresponding ρ̂i j. That is incorrect, for if we fix ρ−(i j) to be arbitrarily close to
1 then ρi j has to be arbitrarily close to 1 to have a positive semi-definite Σ. The
theorem states that we can always find a corresponding threshold for some ρ−(i j).
Moreover, each threshold might depend on the values of other correlations.

Example 1. Let a = 2, and x be distributed according to a truncated normal distri-
bution with mean µ = [2.5,2.5] and σ11 = σ22 = 0.03. Then the threshold corre-
lation between the two components can be computed using Monte Carlo methods
and is ρ̂ ≈ .06

It is surprising that a very small degree of positive correlation gives rise to
maximum differentiation. In this example, if ρ12 < .06 we can see from the figure
that there are two equilibria: one in which firm B chooses λ = (1,0) and the other
with λ = (0,1).

11In the two-dimensional case ΠB(λi j = (0,0),ρi j = −1) < ΠB(λi j = (1,0),ρi j = −1) since
λi j = (1,1) is clearly suboptimal.
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−1 ρ121ρ̂12 ≈ .06

ΠB(λ = (0, 1), ρ12)

ΠB(λ = (0, 0), ρ12)
ΠB

Figure 2: Example with N = 2

For any Σ there is an equilibrium product design since the pricing game always
has a unique equilibrium. Moreover, it is interesting to analyze the converse: for a
given product design λB of firm B (since we already know what firm A will do), is
there a positive semi-definite matrix Σ that supports λB as an equilibrium outcome
of the differentiation game? Up to now we know that by Theorem 2 if ρi j is high
(meaning above the threshold) then it is optimal not to include components i and
j in the product, while if ρi j is low (below the threshold) then at least one of the
two components has to be included in the product. If these thresholds are quite
extreme, in the sense that they are close to -1, then implementing a given product
design would not be possible.

For example, suppose that we want to implement λB = (0,0,1,1) and that both
ρ̂23 and ρ̂34 are close to -1, so that we need a very negative correlation between
these components to included at least one component. If this is the case, in order
to have a valid Σ the value of the correlation between components 2 and 4 should
be close to 1. But that contradicts the fact that λ24 = (0,1). Therefore, Theorem 2
does not guarantee the implementation of all possible product designs. However,
it is our conjecture that all product desings can be implemented by a careful choice
of correlations.
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6 Conclusion
In this paper we have shown that, in a model with discrete product features and
with types restricted to be elliptically contoured distributed, the degree of correla-
tion between valuations determines the degree of equilibrium product differentia-
tion. A priori, without knowledge of the correlation matrix, we cannot predict any
outcome. More importantly, if we observe certain market outcome with respect to
product differentiation, then we can deduce certain properties of the distribution of
tastes across a given population. For example, if in equilibrium one firm designs a
product without including characteristics i and j then we can deduce that the cor-
relation between those values is high, or more precisely above a certain cut-off.
The pattern of minimum differentiation (only one component is differentiated)
that was observed in previous papers is a result of the assumption of independent
uniformly distributed tastes. As we change the correlations we are able to obtain
any degree of differentiation, from minimal to complete differentiation.

As an extension of the model it would be interesting to include some com-
plications encountered in real markets. For example, it would be interesting to
include more than two firms. However, uniqueness of the price equilibrium can-
not be proved for more than two firms, rendering the analysis of the second stage
more troublesome. Other important complications arise from the fact that firms
usually produce multiple goods to segment the market and each product has hor-
izontal components. More research is needed to understand the effect of those
factors in the choice of product design.

7 Appendix

Proof that no consumer chooses the outside option. Let y=MN(a+1) with M ≥
3. Suppose that in equilibrium some consumers choose the outside option, imply-
ing that p∗A > y and p∗B > y (if one of the equilibrium prices is below y then no
consumer chooses the outside option).

We will prove by contradiction that in any equilibrium both prices cannot be
larger than y and thus no consumer chooses the outside option.

There are three constraints

(A−B) x · (λA −λB)≥ pA − pB

(A−O) y+ x ·λA − pA ≥ 0
(B−O) y+ x ·λB − pB ≥ 0
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The previous constraints imply that in equilibrium the following must be true
(otherwise one of the firms have zero demand and thus zero profits, and can prof-
itably deviate by changing the price)

p∗A − p∗B ∈ [−N(a+1),N(a+1)]
p∗A ∈ (y,y+N(a+1)]
p∗B ∈ (y,y+N(a+1)]

and since total demand is equal to 1, one of the firms must have demand less
than or equal to 1

2 . Without loss of generality assume it is firm B.
We want to prove that firm B can increase its profits by lowering the price.

Let the new price be p′B = p∗A −N(a+1). According to the constraints A−B and
B−O all consumers buy from firm B. That is D′

B = 1 and thus

Π′
B = p′BD′

B = p∗A −N(a+1)> y−N(a+1) = (M−1)N(a+1)>

>
(M+1)N(a+1)

2
≥ p∗BD∗

B = Π∗
B

This contradicts the fact that we were at an equilibrium. Therefore p∗A > y and
p∗B > y cannot be true and since at least one equilibrium price is below y then no
consumer chooses the outside option.

Proof of Lemma 1. Given that product designs are different, equilibrium profits
satisfy equation 2 for both firms. Since demand adds up to unity and partial deriva-
tives of demand are the same we have

Π∗
B =

D2
B

−∂DB
∂ pB

=
(1−DA)

2

−∂DB
∂ pB

=
(1−2DA +D2

A)

−∂DA
∂ pA

and thus

Π∗
A −Π∗

B =
D2

A

−∂DA
∂ pA

−
(1−2DA +D2

A)

−∂ DA
∂ pA

=
2DA −1

−∂DA
∂ pA

= p∗A − p∗B

Proof of Proposition 1. (Case 1) Suppose without loss of generality that ZA > ZB.
We will prove that firm A increases profits by increasing the value of ZA or equiv-
alently reducing the value of ZB (that is, by adding a component to the good that
is already included in good B).
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In the second-stage price equilibrium we have p∗A > p∗B. To prove this, suppose
not, that is p∗B ≥ p∗A > 0. By inspection of the consumer problem nobody would
buy from firm B, because if p∗A = p∗B then the lowest possible value of product
A is ZAa and the highest of product B is ZB(a+ 1). But since a ≥ N > ZB ≥

ZB
ZA−ZB

nobody would buy product B. This implies by equation (1) that p∗B = 0
contradicting the initial claim.

Given that in equilibrium p∗A > p∗B, by equation (3) we have 1 > DA(p∗A −
p∗B,λA −λB, Σ) > 1/2. The difference in prices that generates that range of equi-
librium demand is given by

p∗A − p∗B ∈
(
(ZA −ZB)a−ZB,(ZA −ZB)(a+ 1/2)

)
(6)

Moreover, p∗B ∈
(

0,ZA+ZB

)
because if p∗B > ZA+ZB it is profitable for firm B to

reduce its price. To prove this, fixed an equilibrium p∗A satisfying equation (6). A
reduction in firm B’s price of size pB − p′B = 1

2(ZA +ZB) increases demand from
less than 1/2 to DB = 1 and as long as p′B > pB

2 profits also increase. By bounding

the equilibrium price of firm B we also bound its profits to
(

0, 1
2(ZA +ZB)

)
.

By increasing ZA to ZA+1 the difference in equilibrium prices in equation (6)
shifts to the right and by Lemma 1 Π∗

A −Π∗
B = p∗A − p∗B.

If
(
(ZA+1−ZB)a−ZB)

)
≥ (ZA−ZB)(a+ 1/2)+

(ZA+ZB
2

)
then ΠA increases.

And
(
(ZA +1−ZB)a−ZB)

)
≥ (ZA −ZB)(a+ 1/2)+

(ZA+ZB
2

)
⇐⇒ a ≥ ZA +ZB.

If on the other hand ZB is reduced to ZB − 1 then the same logic shows that
ΠA increases if

(
(ZA − (ZB − 1))a− (ZB − 1))

)
≥ (ZA −ZB)(a+ 1/2)+

(ZA+ZB
2

)
which holds as long as a ≥ ZA +ZB −1.

Since a ≥ N ≥ ZA +ZB both inequalities above hold.
(Case 2) Suppose ZA = ZB. Then by symmetry of the distribution we have

p∗A = p∗B and D∗
A = D∗

B = 1/2. As in the previous case, if firm l reduces its price by
an amount equal to Zl then it attracts all consumers. Thus, the equilibrium price
cannot exceed Zl , otherwise it would be profitable to deviate. We can conclude
that Πl ∈ (0, Zl

2 ). Now we prove that any firm, without loss of generality we will
assume it is firm A, increases profits by adding one more component to its product.

Suppose ZA is increased to ZA +1. Then we are in Case 1 and

ΠA −ΠB = pA − pB ∈
(
(ZA +1−ZB)a−ZB,(ZA +1−ZB)(a+ 1/2)

)
Profits increase as long as (ZA + 1−ZB)a−ZB − ZB

2 ≥ ZB
2 . Since by assumption

ZA = ZB we have that the above inequality holds as long as a ≥ 2ZB = ZB +ZA.
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Suppose that adding one component has the effect of reducing ZB to ZB − 1.
Then the same argument yields that ΠA increases as long as a ≥ 2ZB −1 = ZB +
ZA −1.

Again both inequalities are implied by a ≥ N ≥ ZA +ZB.
We have proved that it is always optimal for one firm, given the rival’s product

design, to add components to its product. Therefore in any equilibrium firm l must
select λl = 1.

Proof of Proposition 2. Consider first the maximization problem in the second
stage for both firms when firm B chooses λ = 0 in the first stage.

Since ρ = 1 then demand for firm A is given by

DA(pA, pB) =
∫ a+1

pA−pB
N

f (x)dx = 1−F(
pA − pB

N
)

Similarly, demand for firm B is given by

DB(pA, pB) =
∫ pA−pB

N

a
f (x)dx = F(

pA − pB

N
)

Equation (1) gives the optimal prices

pA =
N −NF( pA−pB

N )

f ( pA−pB
N )

pB =
NF( pA−pB

N )

f ( pA−pB
N )

The two FOCs determine the unique equilibrium of the second stage subgame.
In equilibrium

p∗A − p∗B
N

=
1−2F(

p∗A−p∗B
N )

f ( p∗A−p∗B
N )

(7)

Now consider the problem when firm B chooses λ = JN−I . Demand for firm
A is given by DA(pA, pB) =

∫ a+1
pA−pB

I
f (x)dx = 1 − F( pA−pB

I ) and for firm B by

DB(pA, pB) =
∫ pA−pB

I
a f (x)dx = F( pA−pB

I ).
Again equation (1) gives the optimal prices

pA =
I − IF( pA−pB

I )

f ( pA−pB
I )

pB =
IF( pA−pB

I )

f ( pA−pB
I )
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Combining both FOC’s gives

p̂A − p̂B

I
=

1−2F( p̂A−p̂B
I )

f ( p̂A−p̂B
I )

(8)

Equations 7 and 8 are the same, therefore p̂A−p̂B
I =

p∗A−p∗B
N in equilibrium.

Finally we need to compare firm B’s profits when λ = 0 and λ = JN−I .

ΠB(λ = 0,ρ = 1) =
NF(

p∗A−p∗B
N )2

f ( p∗A−p∗B
N )

>
IF( p̂A−p̂B

I )2

f ( p̂A−p̂B
I )

= ΠB(λ = JN−I,ρ = 1)

since N > I.
Thus, if Z is the profit level of firm B when it differentiates one component,

then when it differentiates N components its profits are NZ.

Proof of Lemma 2. Let I be the set of components that are included in product A
and not included in product B. For any vector ρ−(i j) and for a given product design
without components i and j, demands in the two cases are given by

DA(pA − pB,λi j = (1,1),ρi j =−1) =
∫
{x:∑i∈I xi≥pl−pk}

f (x;ρi j =−1)dx (9)

and

DA(pA − pB,λi j = (0,0),ρi j =−1) =
∫
{x:∑i∈I xi≥pl−pk−(2a+1)}

f (x;ρi j =−1)dx

(10)
First, we want to compare equilibrium prices in both cases.
In the first case, in equilibrium we have

p∗A − p∗B =
2DA(p∗A − p∗B,λi j = (1,1),ρi j =−1)−1

−∂DA
∂ pA

(p∗A − p∗B,λi j = (1,1),ρi j =−1)

whereas in the second case

p̂A − p̂B =
2DA(p̂A − p̂B − (2a+1),λi j = (0,0),ρi j =−1)−1

−∂ DA
∂ pA

(p̂A − p̂B − (2a+1),λi j = (0,0),ρi j =−1)

.
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Equation 9 is a parallel displacement of size 2a+ 1 of equation 10 and since
2DA−1
− ∂DA

∂ pA

is strictly decreasing (by log-concavity of DA) then p̂A − p̂B − (2a+ 1) <

p∗A − p∗B.
Again by log-concavity of DB we have

p∗B =
DB(p∗A − p∗B,λi j = (1,1),ρi j =−1)

−∂DB
∂PB

(p∗A − p∗B,λi j = (1,1),ρi j =−1)
>

>
DB(p̂A − p̂B − (2a+1),λi j = (0,0),ρi j =−1)

−∂DB
∂PB

(p̂A − p̂B − (2a+1),λi j = (0,0),ρi j =−1)
= p̂B

Moreover,

DB(p∗A− p∗B,λi j =(1,1),ρi j =−1)>DB(p̂A− p̂B−(2a+1),λi j =(0,0),ρi j =−1)

giving the result. Therefore

Π∗
B = p∗BDB(p∗A − p∗B)> p̂BDB(p̂A − p̂B − (2a+1)) = Π̂B

Proof of Lemma 3. The demand function for firm B

DB(pA, pB,λi j = (1,0), f ,Σ) =
∫
{x∈X :x·(1−λi j)≤pA−pB}

f (x;Σ)dx =

=
∫
{x∈X :x·(1−λi j)≤pA−pB}

fX−i(x−i;Σ−i)dx−i =

= DB(pA, pB,λi j = (1,0), fX−i(x−i;Σ−i))

does not depend on ρi j since x is elliptically contoured distributed. As men-
tioned before, one property of this family is that the density of the marginal has
the same functional form as the density of the joint, and moreover, the parameters
of the random vector without component i are the same as the full vector except
the row and column i are removed from Σ. Consequently, the profit function does
not depend on ρi j either. The optimization problem is the same for any value of
ρi j and then equilibrium profits are independent of the correlation between i and
j. The proof for λi j = (0,1) and λi j = (1,1) follows the same lines.

Proof of Lemma 4. The density f (x,Σ) is continuous in ρ , thus, for fixed (pA, pB),
the demand
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DB(pA, pB,λi j = (0,0), f (x;Σ)) =
∫
{x∈X :x·(1−λi j)≤pA−pB}

f (x;Σ)dx

is a continuous function of ρ . By the Theorem of the Maximum we have that
p∗A(ρ) and p∗B(ρ) are continuous in ρ , therefore, ΠB(ρ) = p∗B(ρ)DB(·,ρ) is also
continuous.

Now we prove that firm B’s profits are increasing in ρ .
The pricing game is log-supermodular and by Assumption 3 the marginal pay-

off for firm B of increasing its own price is strictly increasing in ρi j. By Theorem
6 of Milgrom and Roberts (1990) we have that (p∗A, p∗B) is strictly increasing in ρi j
and moreover, since demands are strictly increasing in the other firm’s price, we
get our result by Theorem 7 of the cited paper.
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