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Abstract

This paper analyzes choices, profits and welfare in a Cournot doupoly setting with linear
demand using four models of bounded rationality. The models studied in this paper are
Level-k, Quantal Response Equilibrium, Noisy Introspection and Cognitive Hierarchy. It
is found that in the Level-k model choices, profits and welfare alternate around the Nash
Equilibrium levels depending on whether the type is odd or even. Both in the Quantal
Response Equilibrium and Noisy Introspection models we find that for all parameter values
choices are spread around the Nash Equilibrium level and thus welfare is below the Nash
Equilibrium benchmark. In Cognitive Hierarchy we find that the choices of the first two
types (L-0 and L-1) coincide with the choices in the Level-k model, a Level-2 produces a
smaller quantity than in the Level-k model while the quantity of a L-3 is higher or lower
depending on the value of the model parameter.

Keywords: Cournot game, bounded rationality, level-k model, quantal response equilibrium,
noisy introspection, cognitive hierarchy.

JEL Classification: C72, D21

∗Department of Economics, Auburn University at Montgomery, 7071 Senators Dr., Montgomery, AL 36117,
email: runco@aum.edu, Tel: 334-244-3563.

1



1 Introduction

This paper analyzes a standard Cournot duopoly game with linear demand using several well-
known models of bounded rationality. The models considered in this paper are Level-k, Noisy
Introspection and Cognitive Hierarchy. The motivation for the analysis comes from the fact
that there exists vast evidence showing that experimental subjects deviate from the Nash Equi-
librium prediction in simple Cournot games, see Camerer (2003); Kagel and Roth (1995) for
a comprehensive survey of experimental results, making it interesting to know what general
patterns of behavior, and their implications, can be derived from this four well-known models
of bounded rationality. It is also a fact that when subjects participate in a game repeatedly,
their behavior move in the direction of equilibrium. However, there are many situations where
the possibility of learning is indeed quite limited. For example, if the environment where man-
agers operate changes due to variations in cost or demand we should expect convergence to
equilibrium to be slow or impossible. Moreover, Cournot competition can be interpreted as a
choice of capacity, see Kreps and Scheinkman (1983), followed by price competition and since
in many cases the investment in capacity is a sunk cost we should expect constraints in the
ability of firms to adjust. In these settings where firms fint it difficult to learn from previous
experience the three non-equilibrium models of bounded rationality should in principle describe
behavior better than Nash Equilibrium.

There are several reasons why subjects may fail to choose the Nash Equilibrium strategies.
This concept requires the mutual consistency of actions and beliefs, that is, what one player
chooses must be optimal given her beliefs about the choice of the other player. And conversely
what the player thinks the other will do must be correct given her own action. Then the Nash
strategies are a fixed point where all agents have correct beliefs and no one wants to deviate.
However, the cognitive requirements of this concept are quite high. People in general have
problems with higher order reasoning (I think that you think that I think ...) difficulting the
thought process necessary to reach equilibrium. But even if an individual is rational Nash
Equilibrium requires that each player believes his or her rival is equally rational (or has the
same cognitive skills). However, we do not expect this assumption to hold before subjects
have the time to learn how to play the game since there is considerable evidence showing that
most people believe they are smarter than the rest. The concepts we will analyze (Level-k,
Noisy Introspection and Cognitive Hierarchy) are non-equilibrium concepts, in which actions
and beliefs are not consistent. More precisely, actions are optimal (or near optimal) given beliefs
but beliefs are inconsistent with actions.

In this paper we find that in the Level-k model actions, profits and welfare oscillate around
the Nash Equilibrium depending on the type of the firms. In NI we find that for all parameter
values choices are spread around the Nash Equilibrium quantity and expected welfare is below
the Nash Equilibrium level. In the Cognitive Hierarchy model the actions of the first two types
of players (L-0 and L-1) are the same as in the Level-k model. However, for L-2 the quantity
chosen in CH is smaller than in the Level-k model while a L-3 player will choose a smaller or
larger quantity depending on the value of the parameter.

These models have been used in the last couple of decades to rationalize choices in exper-
imental settings, for example, just to name a few, Bosch-Domenech et al. (2002) and Nagel
(1995) used the Level-k model to describe choices in Beauty Contests and Crawford and Iriberri
(2007) used it to analyze overbidding in Auctions. Noisy Introspection was used by Goeree and
Holt (2004) to analyze choices of a set of experiments ranging from several variations of the
asymmetric prisoner’s dilemma to coordination games.
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2 Models

In this section we describe the three models of bounded rationality used to analyze the Cournot
game. The game is a standard duopoly interaction where both firms choose quantity sim-
ulateneously with linear demand and constant marginal cost. Market demand is given by
P = a− b(qA + qB) where qi is the quantity chosen by firm i and costs are given by C(qi) = cqi,
we assume the standard a > b > 0 and a > c. Both firms choose quantity simultaneously. As

is well-known the unique Nash equilibrium of the game is given by q∗ = a−c
3b with profits (a−c)2

9b

and welfare 4(a−c)2
9b . Below in the following subsections we will introduce each model of bounded

rationality and apply it to the Cournot game described above.

2.1 Level-k

In a Level-k model (Nagel, 1995; Stahl and Wilson, 1995) there are different types1 corresponding
to different depths of reasoning. The lowest level (Level-0) does not comprehend the situation
well and chooses randomly on some interval, thus a L-0 player does not best respond to any
belief. A Level-1 player believes that the other is L-0 and chooses the quantity to maximize
expected profits. A Level-2 player thinks the other is L-1 and so on, in general, a L-k player
thinks the other is L-(k-1) and best responds to that belief. Notice that this is not an equilibrium
model because actions are consistent with beliefs but beliefs inconsistent with actions. In
addition, beliefs are degenerate in the sense that a Level-k player thinks the other is one level
below with probability one. It may be argued that this is quite an extreme assumption, but
one that simplify the calculations of the optimal choices considerably. A different model we
will analyze (Cognitive Hierarchy) relaxes this assumption to allow for non-degenerate beliefs.
Usually, it is assumed that a L-0 player chooses randomly following a uniform distribution and
since no firm will choose a quantity that drives price below marginal cost (assuming the other
firm produces nothing), then a L-0 will choose uniformly in the interval [0, a−cb ].

The choice of all other positive levels can be found iteratively as a best response to the
previous level. Notice that this is equivalent to find the stategies that survive the iterative
elimination of dominated strategies starting from a uniform prior. The proposition below shows
the quantity produced by a Level-k firm.

Proposition 1. A Level-k firm for k ≥ 1 chooses quantity mk

(
a−c
b

)
with 1 > mk = 1

3

(
−1k+2k+1

2k+1

)
>

0.

Proof. The optimization problem for firm i is

max
qi≥0

(a− b(qi + qj)− c)qi

The profit function is strictly concave due to the linearity of the demand function. The
interior solution to this problem is qi =

a−bqj−c
2b . Since a Level-k firm believes the other is

Level-(k − 1) then we have qi,k =
a−bqj,(k−1)−c

2b . It is straightforward to check that replacing qk
with mk

(
a−c
b

)
satisfies the equality.

Since 1 > mk > 0 the production level lies strictly in the interval (0, a−cb ). Also it is true
that as k → ∞, qk converges to the Nash Equilibrium quantity qNE = a−c

3b . The sequence
{qk}k≥1 oscillates around the Nash Equilibrium level with a very quick convergence due to both
numerator and denominator growing very fast, at the rate of 2k+1. Actually, it is the case that
qk < qNE for k odd and qk > qNE for k even. The ratio qk/qNE for the first six levels is given

1In this paper we will use the terms level type and depth interchangeably.
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by the values 0.75, 1.125, 0.937, 1.031, 0.984, 1.008. Notice how convergence occurs very fast,
Level-4 is just 3.1% above the NE benchmark.

Firm’s i profits depend on its level and the level of the competitor, thus many possible
combinations are possible. Two important cases are when the firm correctly guesses the level
of the rival (for example if firm i is Level-2 then the other firm actually is Level-1) and the
other is when both firms are of the same level (notice that in this case the production level of
the rival firm is incorrectly guessed). We can define Πc

k to be the profit level of a Level-k firm
when it correctly guesses the level of the rival and Πi

k the profit of a Level-k firm when both
have the same level, thus incorrectly guessing the level of the rival. Replacing the corresponding
quantities in both profit functions and simplifying yields

Πc
k =

(
(−1)k + 21+k

)2
(a− c)2

22(1+k)9b

Πi
k =

(
−(−1)k + 2k

) (
(−1)k + 21+k

)
(a− c)2

22k+19b

Notice that limk→∞Πc
k = limk→∞Πi

k = (a−c)2
9b = ΠN . Profits converge in both cases to the

Nash Equilibrium level. How do profits compare to the Nash Equilibrium benchmark for finite
k? The next proposition answers the question.

Proposition 2. Let Πc
k and Πi

k be the profit level when the Level-k firm correctly and incorrectly
predicts the level of the rival, respectively. Then for k ≥ 1 we have Πc

k < ΠN for k odd and
Πc
k > ΠN for k even. And also Πi

k > ΠN for k odd and Πi
k < ΠN for k even.

Proof. The difference in profits when the firm correctly guesses is given by

Πc
k −ΠN =

(
(−1)k + 21+k

)2
(a− c)2

22(1+k)9b
− (a− c)2

9b
=

=

((
(−1)k + 21+k

)2
22(1+k)

− 1

)
(a− c)2

9b
.

The expression in parenthesis determines the sign of Πc
k − ΠN since (a−c)2

9b > 0. Clearly
(−1)k < 0 for k odd and (−1)k > 0 for k even. Adding 2k+1 on both sides and squaring we get(
(−1)k + 2k+1

)2
< 22(k+1) for k odd and > for k even. Dividing both sides by 22(k+1) we get

the desired result.
In the second case the difference in profits is given by

Πi
k −ΠN =

(
−(−1)k + 2k

) (
(−1)k + 21+k

)
(a− c)2

22k+19b
− (a− c)2

9b
=

=

((
−(−1)k + 2k

) (
(−1)k + 21+k

)
22k+1

− 1

)
(a− c)2

9b
.

Like in the first case the sign of Πi
k−ΠN depends on the sign of the expression in parenthesis.

Notice that 0 < 1
2k
< 1 for k ≥ 1, thus −(−1)k > 1

2k
for k odd and < for k even. Rearranging

gives −1 − (−1)k(2k) = −1 + (−1)k(−2k+1 + 2k) > 0 for k odd and < for k even. Also notice
that −1 = −(−1k)(−1k). Also adding 22k+1 on both sides gives −(−1k)(−1k) − (−1)k2k+1 +
(−1)k2k+22k+1 > 22k+1 for k odd and < for k even. Dividing both sides by 22k+1 and factoring
gives the desired inequality.
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It is straightforward to compute the welfare when both firms are Level-k. Since welfare is
given by

Wk =

∫ Qk

0
(a− bt)dt− 2

∫ Qk
2

0
cdt = aQk −

b

2
Q2
k − cQk

where Qk is the total production of Level-k firms. Evaluating the expression above gives

Wk =

(
(−1)k + 21+k

) (
−(−1)k + 22+k

)
(a− c)2

22k+19b

which is smaller than the welfare level of the Nash Equilibrium for k odd and larger for k

even and converges to 4(a−c)2
9b when k →∞.

2.2 Noisy Introspection

Noisy Introspection (Goeree and Holt, 2004) is a non-equilibrium model that generalizes the
concept of rationalizability. It consists of layers of beliefs where the action of a player depends
on what she thinks the other player will do (that is her first order belief). However if this is not
an equilibrium concept and beliefs need not be consistent with actions, then how are first order
beliefs determined? They depend on what she thinks about what the other player thinks (that
is her second order belief). Her second order belief depends on the third order and so on. We
will follow Goeree and Holt (2004) and model the link between layers through the logit function

PNµN (qi) =
exp{EP (N+1)Π(qi)1/µN}∑
i exp{EP (N+1)Π(qi)1/µN}

. (1)

Equation 1 determines the sequence of beliefs PN for N ∈ {0, 1, 2, ...}. The vector P0
represents the zero-th order belief (The actual choice of players) and PN the N-th order belief.
The actual probability choice vector can be obtained starting from any sufficiently large initial
order belief and iterating on equation 1. It is also natural to assume that beliefs become more
imprecise with higher orders, that is, µN ≥ µN−1 ≥ ... ≥ µ0.. However, a more parsimonious
specification depending only on two parameters can be obtained by assuming that the sensitivity
parameters in the logit equation are given by µk = tkµ0 for k ∈ 1, 2, ... and t > 1. The restriction
t > 1 arises from the fact that if t = 1 the NI vector P0 is equivalent to the QRE choice vector
P ∗.
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Figure 1: Left: NI probability vector for different values of µ0. Right: NI probability vector for
different values of t.
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Figure 1 shows the probabilities of each action for several values of t and µ0. As both µ0 and
t increase the vector becomes more spread around the Nash Equilibrium. Expected welfare in
this model is a decreasing function of both parameters and smaller than the Nash Equilibrium
level. The reason for this is the same as in QRE, the more spread the distribution of choices
is around the Nash Equilibrium the lower is expected welfare due to the strict concavity of the
function.

2.3 Cognitive Hierarchy

The last model we analyze is Cognitive Hierarchy of Camerer (2003). It is similar to the
Level-k model in the sense of consisting of different types of players. A Level-0 player chooses
randomly in an interval. A Level-1 player thinks the other is L-0 and maximizes expected
profits given this belief. A Level-2 player, unlike the standard Level-k model, believes the other
player is L-0 or L-1 with positive probability. In general, beliefs for levels higher than one
are non-degenerate. The appealing feature of this model is that the sequence of beliefs can be
determined with a single parameter τ . More precisely, a L-k player believes that she is facing a
L− j, j < k with probability f(j|τ)∑j

l=0 f(l|τ)
where f(j|τ) is the probability density function of the

Poisson distribution with parameter τ > 0. The parameter τ measures the bias towards higher
levels in beliefs, actually, the Level-k model is a special case of this one as τ →∞. Thus, given
τ , the beliefs of a Level-k player can be constructed iteratively starting from the probability
choice vector of a level zero player P0(q), then computing the vector of a L-k with

Pk(qi) =

k−1∑
m=0

f(m|τ)∑k−1
l=0 f(l|τ)

Pm(qi).

This model also captures the intuitive property that the marginal benefit of thinking harder
(and thus increasing depth of reasoning) is decreasing. Applied to the Cournot game a Level-0

player chooses randomly between [0, (a−c)b ] and a Level-1 player 1
4
(a−c)
b . Since f(k|τ) = eτ

k! ,

a Level-2 player thinks the other is L-0 with probability f(0|τ)
f(0|τ)+f(1|τ) = 1

1+τ and L-1 with

probability f(1|τ)
f(0|τ)+f(1|τ) = τ

1+τ . A Level-2 chooses the quantity that maximizes expected profits
given those beliefs

max
qi

E2[(P (qi + q−i)− c)qi] = (a− b(qi + E2[q−i])− c)qi

where E2[q−i] = 1
1+τ

(a−c)
2b + τ

1+τ
(a−c)
4b is the L-2 expected quantity given τ .

The solution to the optimization problem is given by qi(τ) = (a−c)(2+3t)
8b(1+τ) .

Once the optimal choice of a L-2 player is obtained the expected profit of a L-3 is straight-
forward to compute. The problem for a L-3 is

max
qi

(a− b(qi + E3[q−i]− c)qi

where

E3[q−i] =
1

1 + τ + τ2/2

(a− c)
2b

+
τ

1 + τ + τ2/2

(a− c)
4b

+

(a− c)(2 + 3τ)

8b(1 + τ)

τ2/2

1 + τ + τ2/2

5



A Level-3 player will choose qi(τ) = a−bE3[q−i]−c
2b to maximize expected profits.

Simplifying the expression above yields the optimal choice of a Level-3 player

qi(τ) =
(a− c)

(
8 + 20t+ 18t2 + 5t3

)
16b(1 + t) (2 + 2t+ t2)

In general, the choice of a Level-k player can be constructed iteratively from lower levels.
However, the complexity of the solution grows very fast, therefore we have decided to analyze
the effect of τ on the optimal quantity up to Level-3.2

Given the similarity of the Level-k and Cognitive Hierarchy models it is interesting to analyze
in what aspects they differ. By definition, Levels-0 and 1 choose the same quantities in both
models. It is easy to see that for a Level-2 firm the Level-k model predicts a quantity larger than
in the CH model since 3

8(a− c)/b > (2+3τ)
1+τ

(a−c)
8b for all τ > 0. A L-2 firm in the Level-k model

best responds with a large quantity to a relatively low production level3 by a L-1 firm given
that in the Cournot game reaction functions are downward sloping. However, a L-2 firm in the
CH model thinks for all finite values of τ that it is facing both levels with positive probability,
the expected production level of rivals is higher and thus the best response involves a smaller
quantity.

A L-3 player in the Level-k model produces 3
8
(a−c)
b which is larger than the quantity produced

by a L-3 in the CH model if τ <
√

2
3 and smaller otherwise. Here a L-3 player in the CH model

will best respond to a high quantity when τ is low (because she believes the other is L-0 with
a relatively high probability), therefore the optimal quantity will be small. On the other hand,
when τ is large the belief is the opposite, the firm thinks the rival will choose a small quantity
thus best responding with a larger quantity.

In terms of welfare this model is similar to the Level-k (exactly the same for L-0 and L-1),
with the difference that a L-2 will choose a lower quantity with the consequent lower welfare level
and that a L-3 will choose a higher or lower quantity depending on the value of the parameter
with the corresponding higher or lower welfare level.

3 Conclusion

In this paper we have analyzed the effect of bounded rationality on choices in a standard Cournot
duopoly model. We have found that in a Level-k model the effect depends on the level of firms.
Choices and welfare alternate from lower to higher than the Nash benchmark depending on
whether the types are odd or even, but quickly converging to the Nash level. However, in Noisy
Introspection welfare is found to be lower than the Nash level since choices are spread around
the Nash Equilibrium quantity. The quantities and welfare in the Cognitive Hierarchy model
are equal to those derived in the Level-k model for the first two levels. However, Level-2 firms
choose a lower quantity in this model relative to the Level-k for all parameter values. Level-3

firms choose a lower quantity in this model (again relative to the Level-k one) if τ <
√

2
3 and

larger otherwise.
In a companion paper (add reference here) we have used initial responses from a Cournot

experiment to estimate these four models and found that the best fit (in terms of the Bayesian
Information Criterion and by a large margin) is given by the Level-k model. The proportions
of different levels in the estimated model are given by 68.5%, 13.2% and 18.3% for L-0, L-1 and
L-∞ respectively, with a higher expected welfare than in the Nash Equilibrium model.

2Analyzing only up to L-3 can also be justified on the grounds that subjects would hardly take the trouble of
making the computations of higher levels if the marginal benefit of doing so is small.

3Relative to the Nash Equilibrium quantity (a−c)
3b

.
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